By numerically studying non-Abelian quantum turbulence, we find that the helicity cascade and the inverse energy cascade are topologically protected against reconnection of vortices and lead to the energy spectrum E(k) ∝ k −7/3 for a large-scale energy injection and E(k) ∝ k −5/3 for a smallscale energy injection with a large-scale web of non-Abelian vortices. Our prediction can be tested in the cyclic phase of a spin-2 spinor Bose-Einstein condensate.
Introduction.-Turbulence is a highly nonequilibrium and dynamically nonstationary phenomenon that appears in a variety of macroscopic systems [1] . Yet it exhibits stationary statistical laws, culminating in Kolmogorov's −5/3 law [2, 3] in an inertial range where the energy flows to smaller scales at a constant flux, which is known as the energy cascade.
Turbulence is characterized by the universality class, conservation laws, and cascades of physical quantities in the inertial range. In Kolmogorov's law, the kinetic energy is the conserved quantity. In two dimensions, there is another conserved quantity -the enstrophy which is defined as the square of the fluid vorticity. Twodimensional steady turbulence therefore belongs to a different universality class supported by the enstrophy cascade, featuring the energy spectrum E(k) ∝ k −3 at small scales and Kolmogorov's −5/3 law at large scales [4] . In three dimensions, there is yet another conserved quantity -the helicity which is given as the inner product of the fluid velocity and vorticity [5, 6] . However, its contribution to turbulence is small [7, 8] because the direction of the helicity cascade is the same as that for the energy cascade in marked contrast to the energy and enstrophy cascades in two-dimensional turbulence, leaving the Kolmogorov's spectrum unchanged [9, 10] .
Quantum turbulence exhibits a spatially and dynamically complex structure of quantized vortices [11] . Like classical turbulence, quantum turbulence also features Kolmogorov's −5/3 law associated with the energy cascade [12] . The helicity cascade has also been observed in large-scale quantum turbulence simulations [13] , showing the helicity spectrum with the −5/3 power law. In this Letter, we propose non-Abelian quantum turbulence as a new theoretical paradigm of turbulence, and report the universality class characterized by the topologically protected pure helicity cascade. Non-Abelian vortices are defined as those having non-Abelian topological charges classified by the fundamental group [14] . The crucial distinction between Abelian and non-Abelian vortices manifests itself in the collision dynamics. The collision of two Abelian vortices mostly leads to reconnection [15] and causes a topological change in the geometric structure of vortices; vortices are broken up into smaller ones. NonAbelian vortices, in contrast, do not reconnect due to the topological constraint [16] , and short vortices are nucleated that bridge colliding vortices, leading to a large-scale web of non-Abelian vortices. A unique universality class of turbulence is shown to emerge as a consequence of the pure helicity cascade and the inverse energy cascade in contrast to Abelian quantum turbulence characterized by energy and helicity cascades into the same direction, i.e., from larger to smaller scales.
As a simplest superfluid system that supports nonAbelian vortices, we consider the cyclic phase of a spin-2 spinor Bose-Einstein condensate (BEC) and its turbulent state with energy injection and dissipation. We find a unique power-law energy spectrum E(k) ∝ k −7/3 with a large-scale energy injection instead of Kolmogorov's law in Abelian quantum turbulence [12] , and show that this power-law spectrum is directly connected to the pure helicity cascade without the energy cascade. The energy spectrum shows Kolmogorov's −5/3 power law again with a small-scale energy injection, supporting the inverse energy cascade from small to large scales. These findings unveil the universality class characterized by the −7/3 power law due to the topologically protected pure helicity cascade. We have also performed simulations in other BEC systems such as spin-1 spinor BECs and a two-component BEC with and without the quadratic Zeeman effect and found no evidence of this peculiar power law.
Model.-The Hamiltonian H of the spin-2 BEC is given by [17] 
T is the spinor order parameter in the irreducible representation (T denotes the transpose), M is the atomic mass, ρ = 2 m=−2 |ψ m | 2 is the total number density withρ being its mean, and S = g 0,1,2 > 0 belongs to the cyclic phase where both S and A vanish [18] . A representative state of the cyclic phase is given by ψ cyclic = √ρ
, where φ ∈ [0, 2π/3) is the U (1) phase, and n and θ are the unit vector of the rotation axis and the rotation angle, respectively. Quantized vortices appear as topological excitations and play a major role in quantum turbulence. For the cyclic phase, vortices can have zero and two fractional circulations 0, h/(3M ) ≡ κ cyclic , and 2κ cyclic , where the first two make major contributions to turbulence because the last one is energetically costly [20] .
Simulation of turbulence.-
The dynamics of the system is governed by the nonlinear Schrödinger equation: i ∂ t ψ m = δH/δψ * m . To obtain a statistical steady state of turbulence, we need to introduce energy injection and dissipation. Dissipation is introduced through elimination of the Fourier components of ψ m with high wavenumbers k > k c at each instant of time. Energy injection is introduced by an external current v ext through the non-uniform gauge:
We perform numerical simulations in the periodic box with 2048 3 grids. The space is discretized by the grids with the spacing ∆x = 0.25ξ, where the healing length ξ ≡ / √ 2M g 0ρ has the same order of magnitude as the size of a vortex core. The cutoff wavenumber k c for the truncation of the wave function is set to be k c = 2π/ξ. The coupling constants are chosen to be g 1,2 = 0.5g 0 in the present simulations. The external current v ext is determined as the superposition of cosine waves with random phases: (v ext ) x,y,z =v 0≤|n|≤nc cos(2πn · x/L + θ n,x,y,z ), where n ∈ Z 3 , the system size L = 512ξ, and θ n,i is uniformly distributed over [0, 2π) for each n and i = x, y, z. We prepare two external currents; a large-scale current v After a long-time evolution, the statistical steady state of quantum turbulence with a large number of vortices is achieved. Figures 1 (a)-(d) show snapshots of vortices with the large-scale current v L ext . As a comparison, we also perform numerical simulations for a scalar BEC with every vortex having the unit circulation κ scalar = h/M under the same condition and obtain the corresponding statistical steady state as shown in Fig. 1 (f)-(i) . We use n c = 2 andv = 0.8 g 0ρ /M , and obtain almost the same total vortex length as that for the cyclic state. We calculate the kinetic energy spectrum E(k) per unit mass defined as [21] dk E(k) = 1 2
where v is the superfluid velocity defined as ρv = κ
The energy spectrum E(k) for the cyclic state of the spinor BEC is plotted as a blue curve in Fig. 2 which shows a power-law for k < l −1 , where l = 1/ √ ρ vortex is the mean intervortex spacing with the vortex length density ρ vortex [22] . Compared with the energy spectra E(k) for the scalar BEC (green curve) which shows Kolmogorov's law for k < l −1 [23] , E(k) for the cyclic phase clearly deviates from Kolmogorov's law and its slope is steeper. This result suggests that the energy resides in large-scale web of non-Abelian vortices. Fitting the data in Fig. 2 with
28(5) which is consistent with 7/3.
Helicity cascade and inverse energy cascade.-We argue that the physics behind the −7/3 power-law spectrum is the pure helicity cascade. In the inertial range far from the energy-injecting range and the energydissipative range, we suppose that the helicity H defined
is approximately conserved with neither energy injection nor dissipation, and cascades into the region at higher wavenumbers [13, 24] . Because helicity has the dimension [LT −2 ], the helicity flux ε H per unit time in the wavenumber space has the dimension [LT −3 ] . Provided that the energy spectrum has a scale invariant power-law structure and is determined only from the helicity flux ε H in the inertial range, we obtain the energy spectrum E(k) ∝ ε 2/3 H k −7/3 . However, the −7/3 power-law spectrum is screened out by the standard Kolmogorov's power-law spectrum when the energy also cascades with the helicity, and can be seen only when the helicity solely cascades. The result of our numerical simulation in Fig. 2 suggests, therefore, the pure helicity cascade in non-Abelian quantum turbulence. A question arises as to why the energy does not cascade. To answer this question, we perform another numerical calculation with the small-scale current v S ext . Figure 3 shows the energy spectrum with v S ext . The energy spectrum E(k) for the cyclic state of the spinor BEC (blue curve) shows Kolmogorov's −5/3 power-law at low wavenumbers k 2πn c /L. For the scalar BEC with n c = 32 andv = 0.2 g 0ρ /M , E(k) has no power-law structure (green curve). Kolmogorov's power spectrum for the cyclic state of the spinor BEC suggests the inverse energy cascade in the direction from small to large scales as seen in two-dimensional turbulence. We can explain the pure helicity cascade in Fig. 2 as opposite directions of the energy and helicity cascades. large-scale energy injection. This exponent is directly related to the pure helicity cascade without the energy cascade. To support the validity of the pure helicity cascade in non-Abelian quantum turbulence, we have also performed a turbulence simulation with the small-scale energy injection. The energy spectrum shows Kolmogorov's −5/3 power law, suggesting the inverse energy cascade which never occurs in standard three-dimensional turbulence including classical-fluid turbulence and Abelian quantum turbulence.
To discuss the pure helicity cascade and the inverse energy cascade, we must consider the helicity in quantum fluid. In a nonmagnetic phase such as the cyclic phase of the spinor BEC, the helicity density v × (∇ × v) vanishes everywhere except for vortex cores at which it diverges [17] . Instead of the original definition, we can consider the center-line helicity [13, 24, 25] 
3 , where N twist ∈ Z is the total twist of the global phase and T torsion ∈ R is the total torsion along vortex lines. Here N twist represents the topological part of the helicity comprised of the links and writhes of vortices. When vortices are Abelian, reconnections can change the twist N twist to the torsion T torsion which is the non-topological part of the helicity such as Kelvin waves while approximately conserving the total helicity H [13, 15, [24] [25] [26] . For non-Abelian vortices, on the other hand, reconnections are topologically prohibited and the twist N twist itself is conserved, leading to conserved knotted structures of vortices. Another feature of non-Abelian vortices is that two colliding vortices form a rung vortex that bridges them and almost all vortices are connected, leading to a large-scale web of non-Abelian vortices as can be seen in Figs. 1 (a)  and 4 (a) . We expect that the helicity cascade is caused by formations of rung vortices as well as reconnections in Abelian turbulence [13] , whereas the inverse energy cascade is strongly related to the above two important features of non-Abelian vortices, i.e., the conservation of the twist part N twist of the helicity and the formation of the large-scale vortex network.
The pure helicity and the inverse energy cascade have been observed in the three-dimensional modified NavierStokes turbulence [27] . Our observation may help us understand more about the relationship between the helicity cascade and the topological structure of vortices, and the necessary conditions for the existence of the pure helicity cascade. Furthermore, there are other systems in which non-Abelian topological defects appear, such as crystals (dislocation and disclination) [28] , liquid crystals (disclination) [29] , and cosmology (cosmic strings) [30, 31] , and our result may have implications for their non-equilibrium dynamics. One important application of our observation is a neutron star in which two neutrons form a Cooper pair showing superfludity. The symmetry of the Copper pair is predicted to be the triplet 3 P 2 state [32] which has the same internal degrees of freedom as those of the spin-2 spinor BEC. If the stable ground state of the 3 P 2 state in some neutron star is the cyclic state or other states that involve non-Abelian vortices, we can expect that the non-Abelian quantum turbulence undergoing the pure helicity cascade and the inverse energy cascade is realized in the neutron star and its signal may be observed as, for example, the energy release in macroscopic scales transported through the inverse energy cascade.
